Organisms that exploit different environments may experience a stochastic delay in adjusting their fitness when they switch habitats. We study two such organisms whose fitness is determined by the species composition of the local environment, as they interact through a public good. We show that a delay in fitness adjustment can lead to coexistence of the two species in a metapopulation, although the faster growing species always wins in well-mixed competition experiments. Coexistence is favored over wide parameter ranges, and is independent of spatial clustering. It arises when individuals have different fitness values that can keep each other balanced.
Here, we ask how the coexistence of species is affected by spatial structure, characterized by intrinsic variations between local environments, using a simple model in which species adjust to these local environmental changes with a delay. Indeed, it is well-known that such delays in physiological responses (here, adjustment of fitness or growth rate) occur in microbes, following externally imposed changes in the environment [12] [13] [14] [15] , such as nutrient composition, or antibiotic stress [16] [17] [18] [19] [20] [21] [22] . Here, we focus on changes that occur because species move between different habitats. We consider a system with two species, in which the dominant strain (fast grower) depends on the weaker strain (slow grower) for its fitness. Thus, the fitness of both species depends on the population structure of the local habitat. We assume that the fitness of an individual is not instantaneously reset when the environment changes, but is initially retained from its previous environment, as we discuss below.
We show that coexistence can arise in minimal twospecies models, as a result of delays in fitness adjustment after a change of habitat, and nonlinearity of fitness functions. In particular, we conclude that the combination of underlying spatial structure -not just spatial segrega- tion -and delay in adapting to environmental change can support biodiversity, by enabling individuals of the same species that have different fitness values to keep each other balanced. A key result of our study is that, because of this delay in fitness change, the outcomes of direct competition experiments between species in wellmixed systems may differ from those observed in spatially structured habitats.
Model. We study a metapopulation of locally wellmixed patches. Individuals can move or hop between patches with rate µ, which we refer to as the mixing rate, representing processes which couple individual patches (Fig. 1a) . The local species composition on a patch ν with N ν individuals determines their reference fitness on that patch. A well-known implementation of such an eco-evolutionary model is, for example, a public goods dilemma [23] . There, a 'producer'-species produces a public good, which bestows a fitness benefit on the entire population [24] [25] [26] [27] [28] [29] [30] [31] [32] , while imposing a fitness cost on its producer. Hence, the producer is at a disadvantage relative to a faster growing 'non-producer' species [33, 34] .
We study species that interact via such public goods as an examplary interaction topology that results in hierarchical population structure. As the precise dependence of a species' fitness on species composition can vary between different experimental setups [35] , it makes sense to 2 study a conceptual model, which minimizes the number of tunable variables. Here, we assume that the growth rate or fitness of individuals depends on the fraction of slow growers on a patch,
where we set the basal level of fitness f 0 = 1 to ensure that the fast grower can grow by itself (i.e. in the absence of the public good), and discuss the nonlinearity coefficient α in the next paragraph. We distinguish between the fast-growing and slow-growing strain by introducing a fitness difference c between them. Thus, the reference fitness of the fast and slow growers in the same local environment are f
respectively. Our choice of fitness function means that the local amount of the public good (such as invertase for yeast or glutamine synthetase for B. subtilis [28, 36] ) on a given patch increases with increasing producer fraction N − ν /N ν on that patch, which in turn enhances the fitness of the species on the patch. A coefficient α < 1 implies that the impact of the public good on an individual's fitness saturates when a large amount of public good is present (see e. g. Refs. [28, 37, 38] ). By contrast, α > 1 means that a significant fraction of producers is required on a patch in order for the fitness to change noticeably [39] . We note that this type of interaction, where the fitness depends on a group of N ν players, is referred to as an N -player game in the context of game theory [40] [41] [42] [43] .
Because of the different numbers of slow growers that can inhabit a patch, individuals of the same species may have different fitness values (Fig. 1) . For example, for a local patch with N individuals, there are N + 1 different possible compositions and thus N different fitness types for each species (Fig. 1b) . These different fitness types have fitness values f
the slow growers and f
for the fast growers, where we have shifted the index so that the fitness of the least fit individual can be denoted by f ± 1 in both cases. Since the number of individuals may differ between patches, there is a large variety of different fitness types in the metapopulation at any one time.
The local species composition thus determines the reference fitness of an individual, which in turn determines its growth rate: Individuals reproduce at rates proportional to their fitness values by replacing another individual on the same patch by an identical copy of itself. This implementation of reproduction via the so-called Moran process [44] is a technicality and ensures that the number of individuals on a patch does not change (as would be the case in a chemostat [45] ), thereby avoiding stabilisation of the slow growers by known effects which we do not consider here, such as by disproportional growth of producer patches [46, 47] .
Delay. So far, we have specifically used the term 'reference fitness' in order to distinguish between the fitness prescribed by the local environment, and the actual fitness value of an individual. Figure 1c shows the fitness of a slow-grower (black line) during a short span of its lifetime: at t 1 and t 2 , the composition of its local patch, and thus its reference fitness (dashed grey line), changes. We assume that there is a delay between the change in species composition of a patch and the time at which the individual adjusts to the reference fitness. This assumption seems appropriate, the exoproduct concentration on the patch will equilibrate over a certain timescale owing to, for example, the slow production of exoproducts as a response to detected changes in patch composition (which may in turn depend on the internal proteome of an individual at a certain time [48] [49] [50] ), or the slow diffusion of the produced public good locally on a patch [51, 52] . We absorb all these various biological processes into one stochastic fitness adjustment rate ω for each individual. Thus, Fig. 1c shows that the slow grower retains its fitness from the previous environment for a period that scales on average as 1/ω.
Coexistence. We first discuss how the presence of a delay in fitness adjustment delay alters the species composition of the entire metapopulation. Without this delay (ω → ∞), the slow grower would consistently die out for all finite values of mixing rate µ and fitness difference c, and also for all fitness nonlinearities α. Extinction occurs because the fitness of the slow grower is always lower than that the fitness of the fast grower, and because we choose the system size L to be large enough such that stochastic fluctuations do not influence the outcome [53] [54] [55] [56] [57] .
We explore the effect of delay with a Gillespie simulation [58] , and show the resulting phase diagram for fitness functions with α < 1 in Fig. 2a . Strikingly, a phase of coexistence of both species extends over a broad regime of fitness difference c and mixing rates µ. The coexistence phase begins at mixing rates less than the basal fitness f 0 = 1, and broadens with increasing mixing rate. As it is most pronounced for high mixing rates, we explain its presence first by discussing the well-mixed limit for all different values of α. In doing so, we will also show why coexistence only occurs for α < 1.
Well-mixed limit. Without the delay in fitness adjustments, the slow grower would die out in the wellmixed limit, as reproduction takes place on fully updated patches and the fast grower is fitter for every given patch. The delay in attaining the reference fitness means that different fitness types within a species (with fitnesses adjusted to previous environments) are present on a local patch. Reproduction then occurs within a random sample of the fitness types present in the well-mixed metapopulation; thus, one can imagine that reproduction occurs across the entire population with all different possible fitness types present.
We consider the average number of N ν = N individuals in the following, even though the number of individuals per patch may vary in principle due to mixing. This ap- 
The fixed point structure of the well-mixed limit shows that species coexist for sizeable ranges of fitness difference for α < 1 (colorscale indicates the slow grower fraction at this fixed point), and a bistable system for α > 1 and N = 6.
proach simplifies the description of our system, because it means that there are then only N distinct fitness types per species in the metapopulation (Fig. 1 b) .
The dynamics of the system is described by 2N differential equations, one for each fitness type. We denote the density of a slow grower of type i ∈ [1, N ] by x i with x = i x i (Fig. 2b) . The same applies for fast growers (y). As the total number of individuals does not change, x + y = 1. How the density of each type changes due to fitness adjustments is a combinatorial problem that depends on the proportions of slow and fast growers in the entire system, or, more precisely, on the different possible combinations of groups of N players that can be drawn from the metapopulation. The time evolution for the i th slow grower fitness type of density x i is described by
where the sum over j runs over all fitness types unless otherwise specified. The first term in brackets corresponds to reproduction; the second corresponds to the delayed fitness adjustments to local environments of N players (we discuss this in detail for the exemplary value N = 6 in the supplement). Before analyzing the fixed point structure of Eq.2, we use arguments from game theory to explain how coexistence can arise [59] [60] [61] [62] . To do so, we investigate the evolutionary stability of the absorbing states (all fast or all slow growers) by asking whether patches with configurations corresponding to these states are invasible. This involves comparing the fitness values of the absorbing states with those of potentially invading states, corresponding to the other possible patch configurations. The panels in Fig. 2c show the fitness of slow and fast growers within a given patch configuration (shown in the supplement or for N = 3 in Fig 1b) , with increasing numbers of slow growers. The configuration of the fittest slowgrower contains N slow growers, while the configuration for the fittest fast-grower contains only N −1 slow growers. Hence, for zero fitness difference c = 0, the fittest fast grower is slightly less fit than the fittest slow grower (left panel Fig. 2c ). Thus for c = 0, the absorbing state of all slow growers is evolutionarily stable.
An increasing fitness difference c reduces the fitness values of the slow grower. The fitness of the slow grower in its strongest configuration and the strongest fast grower are equal at c (Fig. 2c,  middle panel) . Hence the state of all slow growers becomes invasible by a patch configuration with a single fast-grower for c > c − . If that single fast grower then reproduces and adjusts its fitness to that of the invaded patch, this patch configuration may in turn become liable to invasion by slow growers. This intricate interplay indicates that both species may survive. Indeed, this state of coexisting different fitness types must survive, because the absorbing state of all fast growers itself also is not evolutionarily stable (as can be shown analogously to the instability of the absorbing state of slow growers). This coexistence is stable up to a fitness difference c ≤ c + = 1/N α (Fig. 2c, right panel) . For c ≥ c + the state of all fast growers becomes evolutionary stable. This game theoretical analysis is corroborated by a linear stability analysis of the fixed points of the set of Eq. 2. As the Jacobian evaluated at the absorbing fixed points is sparse (cf.
[? ]), its eigenvalues are easily accessible. For ω > f 0 as considered here, all eigenvalues apart from one are always negative. The eigenvalue that can change sign is given by f α − 1 + c for the slow grower absorbing state. Thus, the fast (slow) grower fixed point is stable for c > c + (c < c − ) . We plot c − and c + and thus the regions of fixed point stabilities in Fig. 2d for N = 6. For α > 1 and fitness differences c + < c < c − the outcome is bistable, meaning 4 that the survivor depends on the initial conditions. For our initial conditions of equal amounts of fast and slow grower, the slow grower survives up to the grey dashed line. For α < 1, both absorbing fixed points are unstable in the shaded region, and a third stable coexistence fixed point emerges. This fixed point is present also for α > 1, but it is unstable. The shading in the region where coexistence can occur for α < 1 shows the species composition at the fixed point, as obtained from Eq. 2. As expected, the fraction of slow growers decreases with increasing fitness difference c. This fixed point structure is robust: Even though the extent of the coexistence region depends on N , it will also occur for different N , as we discuss in the supplement. Importantly, coexistence does not depend on the length of delay, as the eigenvalue have the structure discussed above for ω > f 0 . This condition on ω ensures that the fitness adjustment is slow enough for different fitness types to be generated repeatedly between reproduction events.
Before returning to the full phase diagram, we note that the fact that nonlinear fitness functions can yield coexistence in N -player games has been discussed previously, albeit in different setups [43, [63] [64] [65] [66] [67] . In our model, the N -player structure alone does not lead to coexistence: only the additional timescale [68] [69] [70] [71] due to delay allows that reproduction to occur in a well-mixed system consisting of all possible fitness types. These fitness types can balance each other during reproduction.
The understanding of the balance between these types is important: It explains why coexistence occurs not just in the well-mixed limit, but also for more realistic intermediate mixing rates. The extension of this coexistence phase to lower mixing rates in the phase diagram in Fig. 2a indicates that the presence of a well-mixed coexistence fixed point impacts the population structure even in not well-mixed situations.
Phase diagram. The phase diagram in Fig. 2a shows the average extinction times and phase boundaries for ω = 5, and a shorter delay of ω = 20 for comparison for nonlinear fitness functions with α = 0.25 [88] . The white triangles mark the fitness differences c between which coexistence is expected from the well-mixed limit (cf. Fig. 2d ). Our phase boundaries do not exactly match the well-mixed expectation due to the finite size effects: When the proportions of slow and fast growers at the coexistence fixed point become strongly biased, stochastic fluctuations can lead to extinction even when both species should coexist. Increasing the size of the metapopulation L would progressively extend the phase boundaries, which we marked with dashes where we expect system size effects to dominate.
In the weak mixing limit, the phase boundary marks a transition from a fast growing to a slow growing phase without a coexistence region. The phase boundary in this limit can be understood using invasion probabilities of single individuals on locally fixated patches [72] [73] [74] [75] . For α = 1, the transition between the low and high mixing limit occurs approximately at ω ≈ µ [75] . For α < 1, the two phase boundaries in Fig. 2a indicate that the lowest mixing rate at which the coexistence occurs also increases with ω; we verified this general trend, but a precise investigation of these values would go beyond the scope of this work, as the phase diagram remains qualitatively the same.
We find it remarkable that coexistence can occur over such a wide parameter range, as this feature indicates that the stabilisation of populations afforded by delayed fitness adjustment may be a realistic effect. We note that our results do not depend on the formation of spatial patterns [76] [77] [78] . The behaviour of our model relies on the fact that the fittest weak individual can be fitter than the fittest fast grower; while we do not include private components of the public good [28, 67, 79] explicitly, these would practically have a similar effect for larger groups of microbes. The advantage of our model is that it is mathematically more tractable, while a realistic model of private public goods includes additional parameters, but of course applies more directly to individual experimental situations.
Conclusion. We have shown that species can coexist in spatially fragmented systems with delays in fitness adjustment even when one species always dominates over the other in a locally well-mixed environment. This coexistence occurs because the combination of delay with the interaction via a public good means that species compete via a variety of different fitness types (cf. Fig. 2a ) which can balance each other for some fitness functions. Our work presents a conceptual study of a two-species population in a fragmented environment, motivated by a study of soil bacteria. The local pore structure and differing mixing rates, depending on e. g. water content, nutrients and connectivity within the sample [80] [81] [82] [83] , and additional mircobial interactions and community structures would need to be considered to model the situation in soil accurately. However, the robustness of coexistence over large ranges of fitness difference and mixing rate suggests that delayed responses to changes of habitat may be a significant factor in the maintenance of biodiversity, even though we only study one specific interaction. Thus, our study indicates that it is important to mimic the spatial structure when biodiversity in spatially structured habitats is investigated (see e.g. [81, 84, 85] ), even in experimental configurations where spatial assortment [86, 87] does not occur. We discuss the structure of the differential equations describing the well-mixed limit in more detail for the exemplary value of N = 6.
We consider an average number of N = N ν individuals on a patch, even though in principle the number of individuals per patch can vary when individuals move between patches. For N = 6, which we discuss here, we then need to consider N = 6 different fitness types of slow growers with fraction x i for i ∈ [1, 6] , and N = 6 different types of fast growers with total population fraction y i for i ∈ [1, 6] . The total density of slow growers is x = 
The temporal change dx i /dt for each fitness type x i , can then be split into a term corresponding to reproduction, dx i,repro /dt, and a term for fitness adjustments, dx i,update /dt, which we explain separately in the following.
Reproduction can occur between any two individuals in the well-mixed limit and occurs proportionally to an individual's fitness, such that part of the differential equation for reproduction, dx i,repro /dt, reads
The first term corresponds to individuals of type x i reproducing by replacing any other individual in the well-mixed metapopulation, while the other two terms symbolise the reproduction of another species by replacement of x i . This type of reproduction means that x + y = 1, i.e. the number of individuals in the metapopulation is conserved. Fitness adjustments only occur within a species (i.e. a slow grower can adjust its fitness to a different value, but will still remain a slow grower). Each individual adjusts its fitness in a group of N players, so that one can effectively consider N -player reaction terms. The fraction of individuals of the unfittest slow-growing type of fitness f 0 + 1/N α − c increases when fitness updates of a slow-grower occur in groups that contain precisely one slow grower: for this term, one thus has to consider all different combinations of players with only one slow grower and five fast growers, i.e. These terms should be multiplied by fitness adjustment rate ω. As discussed for the most unfit slow grower, there is always one positive term for each x i (the term with i slow growers is positive), since fitness adjustment in this group would increase the number of x i in the system, while all other terms are negative. The binomial term in front of each term indicates how many possibilities there are to distribute the number of fast growers among the N individuals, while the number before the binomial counts the possibilities to order the specific slow grower among the other slow growers.
The full differential equation for any slow grower is then
The concise form for these differential equations for general N is shown in the main text of the paper. The differential equations for different fitness fractions y i for the fast growers can be expressed analogously. The constraint i x i + y i = 1 can be used to eliminate one of these 2N differential equations. It is clear that x = 0 (more precisely y 1 = 1) and x = 1 (more precisely x N = 1) are both fixed points of the systems, corresponding to survival of the weakest fast and strongest slow grower. We next explore whether these fixed points are stable for general N .
The Jacobian of the differential equations of eq. 1 in the main text is a 2N × 2N dimensional matrix. However, at these fixed points, the matrix is sparse: for the fast growing fixed point x = 0, the derivative of the update terms of the differential equation for fitness types x i with respect to all fast-growing fitness types y i are zero because they all involve terms of x i . Similarly, derivatives of the reproduction terms with respect to fitness types y i retain terms containing x i , and are thus also all zero. The eigenvalues of the Jacobian are thus the eigenvalues of the block corresponding to fast growers and slow growers separately. Analogous arguments show that even these submatrices are highly sparse, and that the diagonal elements are actually the eigenvalues of these Jacobians. All of these eigenvalues apart from two contain a negative term ∝ ω, which for ω f is negative; of the remaining two eigenvalues, one is also always negative, and the other determines the stability of the fixed point and is discussed and analysed in the main text of the paper. We conclude this section by noting that this last eigenvalue corresponds to the fitness difference between the unfittest and fittest individuals of both types (depending on whether the absorbing state of all fast or all slow growers is studied). Figure S1 shows the fitness values of all different different fitness types. This figure is a reproduction of the left panel of Fig. 2c in the main text, with the only difference that here we show the full patch configuration representing the different fitness types for both species on the top and bottom x-axis (slow and fast grower, respectively), for clarity.
Impact of nonlinearity coefficient and N
The phase boundary for α = 1 in Fig. S2a (in black) shows that low-grower stability increases with mixing up to c = 1/N . For α > 1, the phase boundary in the high mobility limit is not well-defined (i.e. there is no phase transition in the system), as the system is bistable and thus depends strongly on initial conditions. The region where between 30% and 70% of all simulation runs yield slow growers in shown in light blue. Within this blue region, simulation runs sometimes yield to survival of slow growers or of fast growers, but not to coexistence. The average position of the phase boundary is shown in dark blue as a guide to the eyes. We note that the phase boundary in the small mixing limit changes quantitatively but not qualitatively with both α and ω. Figure S2b shows the boundaries for the fixed point stability c + = 1/N α and c − = 1−((N −1)/N ) α for N = 50 (black, solid and long dashes) and N = 3 (blue, short dashes and dashed dotted). Even for increased N the coexistence region (between the lines) extends over a large range of fitness difference c. This fact means that coexistence is also robust even for higher N , especially when one considers that the fitness function may be even more nonlinear (decreasing α). In addition, when it comes to debating the extent of different phases, our explanation of how the different fitness types needs to balance each other makes clear that the importance of N for the phase stability is that it sets the difference between the least and most fit individuals of both species. This fitness difference could (for larger populations) also be an effect observed due to private components of the public good, as discussed in the main text. Because different experimental cases would require different fitness functions and more specific modelling, it is reasonable to limit the discussion of the point of the importance of N in our model to only providing evidence for the fact that coexistence also also arises and is robust for larger N .
